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: . a“.+..b2 —c, *a.:-1+bsl"l'_:(:1—1'_ @
om 'equatlons (2), (3); and (4) 1t 18 ohwous ‘that (a1 by, ¢i) is
50 a unit triangle. :

We know that (aw, bic) = (3 £5) s a unit triangle, there-

INTRODUCTION e by induction, (a., by, c:) i85 & umit; triaxigle for all i.

A Pythagorean triangle is defined as a perfect right triangle .
with all integer sides. It is denoted as a triplet (a,b,¢) where N:)
and b are legs and c is the hypotenuse of the triangle. - :

The particular class of Pythagorean triangles which is of 1n, :
terest here is where the two legs, a and b, differ by one. For sim-
plicity, let these triangles be called unif friangles. That is,- (a,b, c).
is a unit triangle when a' + b* — ¢ = 0, ]a—b| = 1, and a,. b,
and ¢ are positive. 1ntegers . :

Since this is'a problem in number theory, it W“lll be assumed'
that all of the variables here are positive 1ntegers unless other-
wise stated. ‘ e

Call the set of all unit triangles generated’ by this process T.

sumptmn There exists a set T' ¢ which consists of all
e umt tr1angles ot in T,

There ‘must exist 2 smallest value for a hypotenuse of a tr1—
gle m T’ Let (x,y,2) « T have this smiallest value for its hypo-
nuse - N

u-=x+2y—22 i
2x +y - 2z (5)
w =" -—2x = Zy + 3z

«
It

7 MAIN THEOREM‘ I
In this paper, I wish fo prove the following theorem which

, olve for x, y and #°
demonstrates a method of generating all of the unit friangles. . - Ve

x=u + 2v + 2w
y=2ut v oow (6)

Theorem: The sequence of all unit triangles can be generated-
' ' z = 2u + 2v + 3w

as follows:

a3 12 2 8.1 -;Because equations (1) and (6) are the same, (u,v,w) is related
b 12 1 '2 biy "’to (%,7,2) 88 (314, bricia) is related to (ai, b c¢). This means
* N that if we assume that U, ¥, W >0, then,

et 122 3 ci-—l S

x>u y>v,z>w

where (a., by, ci) is the ‘ith unit triangle and (3, 4 5) is the first A '.‘7' =y=a Tt
unit triangle in.the sequence. 1d. Ry g Rk s s e et e
Proof: The recursion formula can be rewritten as follows: nd it follows that (u, v, w)-is also & unit-triangle. -Furthermore,
A= s + 2bis + 20in _ {u; v, w) ¢ T, becauge if it were
be = 2a.« + by + 2C1a (L : (u,"v,'w) = (1:- VI,Ibl_l,cll 1) for some i

= 28ia T 2Dia + 11, .
© 2 2b: 3¢ $ (stJz) ‘alﬂb i

If (811, bi,€ea) 18 a unit triangle, it follows that
a1 > Ais, D > Dig, €1 > Cix (2)

] Whlch cannot be true because (x y,z) € T Therefore (u v, W) e T
‘But this is a contradiction: becsdise 7z > w and (x,¥,2) was sup-
‘posed to have the smaller hypotenuse Therefore, one of u,v,w
.'must be = 0, : -

Also, using simple algebra,
a1 b = bz — Q2 (3)
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Ifw=20
—2x 2y + 3z =10
2x + 2y = 3z
4x* + 8xy + 4y°* = 97" > 8x* + 8y*
0 > 4x* — 8xy + 4y
0> (2x-2y)°
which is impossible. ' ‘

Without loss of generality we can say that y is Iarger than x
since x and y are interchangeable.

y-x=u—-v=1
. ouSv

Therefore, we need only consider v == 0 because if u = 0, then v < 0.

Itv=0,
2X +y 2z =90
2x +y =2z
4x" + 4xy + ¥ = 4% = 4x° + 4y
4xy = 3y°
4x = 3y
dx=3x + 3
X =3
V=4,

From this (%, ¥,%) = (3,4,5). =Zut {3.,1,5) € T_:‘}(X_-:—,',Z) £
whiech ig a contradiction. Therefore, T' = ¢ ) all unit
triangles are generated by the process defined in the theoremn.

This finishes the proof of the theoren,

EXAMPLES
The first three unit triangles are:
(3,4,5),
(21, 20, 29),
(119, 120, 169).
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smg the CDC 3400, I found some later examples to be
: (74416249745273809088000956461,
74416249745273809088000956460,
105240469650709600546001391989)
(500523684722743250061338526726503,
500523684722743250061338526726504,
707847383223858622658735230185145).

___'I_‘ﬁése were generated using the main theorem of this paper.




